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Abstract 



In 1962, de Vries [2] proved a duality theorem for the category HC of compact Haus- 
dorff spaces and continuous maps. The composition of the morphisms of the dual 
category obtained by him differs from the set-theoretic one. Here we obtain a new cat- 
i egory dual to the category HLC of locally compact Hausdorff spaces and continuous 

' maps for which the composition of the morphisms is a natural one but the morphisms 

■ are multi- valued maps, 

p , 
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. 1 Introduction 

• In 1962, de Vries [2] proved a duality theorem for the category HC of compact Haus- 
dorff spaces and continuous maps. This theorem was the first reahzation in a full 
extent of the ideas of the so-called region-based theory of space, although, as it seems, 
de Vries did not know of the existence of such a theory. The region-based theory 
of space is a kind of point-free geometry and can be considered as an alternative to 
the well known Euclidean point-based theory of space. Its main idea goes back to 
Whitehead [23] (see also [22]) and de Laguna [1] and is based on a certain criticism 
of the Euclidean approach to the geometry, where the points (as well as straight lines 
and planes) are taken as the basic primitive notions. A. N. Whitehead and T. de La- 
guna noticed that points, lines and planes are quite abstract entities which have not 
a separate existence in reality and proposed to put the theory of space on the base of 
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some more realistic spatial entities. In Whitehead [23], the notion of region is taken 
as a primitive notion: it is an abstract analog of a spatial body; also some natural 
relations between regions are regarded. In [22] Whitehead considers only some mere- 
ological relations hke "part-of ' and "overlap" , while in [23] he adopts from de Laguna 
[1] the relation of "contact" ("connectedness" in Whitehead's original terminology) 
as the only primitive relation between regions. In this way the region-based theory 
of space appeared as an extension of mereology - a philosophical discipline of "parts 
and wholes" . 

Let us note that neither A. N. Whitehead nor T. de Laguna presented their 
ideas in a detailed mathematical form. Their ideas attracted some mathematicians 
and mathematically oriented philosophers to present various versions of region-based 
theory of space at different levels of abstraction. Here we can mention A. Tarski [20], 
who rebuilt Euclidean geometry as an extension of mereology with the primitive no- 
tion of sphere. Remarkable is also Grzegorczyk's paper [13]. Models of Grzegorczyk's 
theory are complete Boolean algebras of regular closed sets of certain topological 
spaces equipped with the relation of separation which in fact is the complement of 
Whitehead's contact relation. On the same line of abstraction is also the point-free 
topology [14]. 

Let us mention that Whitehead's ideas of region-based theory of space flour- 
ished and in a sense were reinvented and applied in some areas of computer science: 
Qualitative Spatial Reasoning (QSR), knowledge representation, geographical infor- 
mation systems, formal ontologies in information systems, image processing, natural 
language semantics etc. The reason is that the language of region-based theory of 
space allows us to obtain a more simple description of some qualitative spatial fea- 
tures and properties of space bodies. One of the most popular among the community 
of QSR-researchers is the system of Region Connection Calculus (RCC) introduced 
by Randell, Cui and Cohn [18]. 

A celebrated duality for the category HC is the Gelfand Duality Theorem [9, 
10, 11, 12]. The de Vries Duahty Theorem, however, is the flrst complete reahzation 
of the ideas of de Laguna [1] and Whitehead [23]: the models of the regions in de 
Vries' theory are the regular closed sets of compact Hausdorff spaces (regarded with 
the well known Boolean structure on them) and the contact relation p between these 



The composition of the morphisms of de Vries' category DHC dual to the cat- 
egory HC differs from their set-theoretic composition. In 1973, V. V. Fedorchuk [8] 
noted that the complete DHC-morphisms (i.e., those DHC-morphisms which are 
complete Boolean homomorphisms) have a very simple description and, moreover, 
the DHC-composition of two such morphisms coincides with their set-theoretic com- 
position. He considered the cofull subcategory (i.e. such a subcategory which has 
the same objects as the whole category) DQHC of the category DHC determined 
by the complete DHC-morphisms. He proved that the restriction of de Vries' dual- 
ity functor to it produces a duality between the category DQHC and the category 
QHC of compact Hausdorff spaces and quasi-open maps (a class of maps introduced 
by Mardesic and Papic in [16]). 

It is natural to try to extend de Vries' Duahty Theorem to the category HLC 
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of locally compact Hausdorff spaces and continuous maps. An important step in this 
direction was done by Roeper [19]. Being guided by the ideas of de Laguna [1] and 
Whitehead [23], he defined the notion of region-based topology which is now known as 
local contact algebra (briefly, LCA or LC-algebra) (see [5]), because the axioms which 
it satisfies almost coincide with the axioms of local proximities of Leader [15] . In his 
paper [19], Roeper proved the following theorem: there is a bijective correspondence 
between all (up to homeomorphism) locally compact Hausdorff spaces and all (up to 
isomorphism) complete LC-algebras. In [4], using Roeper's theorem, the Fedorchuk 
Duahty Theorem was extended to the category of locally compact Hausdorff spaces 
and skeletal (in the sense of [17]) maps. Quite recently, in the paper [3], de Vries' 
Duality Theorem [2] was extended to the category HLC. The composition of the 
morphisms of the obtained there dual category is not the usual composition of maps 
(i.e., the situaton is the same as in the case of de Vries' Duality Theorem). We now 
obtain a new duality theorem for the category HLC such that the composition of 
the morphisms of the dual category is a natural one (like in the Fedorchuk Duality 
Theorem for the category QHC); however, the morphisms of the dual category are 
multi- valued maps. 

Let us fix the notation. 

If C denotes a category, we write X e |C| if X is an object of C, and / e C(X, Y) 
if / is a morphism of C with domain X and codomain Y. 

All lattices are with top (= unit) and bottom (= zero) elements, denoted respec- 
tively by 1 and 0. We do not require the elements and 1 to be distinct. The operation 
"complement" in Boolean algebras is denoted by "*" . The (positive) natural numbers 
are denoted by N (resp., by N+). The Alexandroff (one-point) compactification of 
a locally compact Hausdorff space X is denoted by aX. If X is a set then we will 
denote by idx the identity function on X. 

2 Preliminaries 

Definition 2.1. An algebraic system (S, 0, 1, V, A, *, C) is called a contact Boolean 
algebra or, briefly, contact algebra (abbreviated as CA or C-algebra) ([5]) if the system 
(S, 0, 1, V, A, *) is a Boolean algebra and C is a binary relation on B, satisfying the 

following axioms: 

(CI) If a 7^ then aCa; 

(C2) If aCb then a ^ and 6 7^ 0; 

(C3) aCb implies bCa; 

(C4) aC{b V c) iff aCb or aCc. 

We shall simply write (S, C) for a contact algebra. The relation C is called a contact 
relation. When S is a complete Boolean algebra, we will say that (B, C) is a complete 
contact Boolean algebra or, briefly, complete contact algebra (abbreviated as CCA or 
C C-algebra). 

We will say that two C-algebras (Si,Ci) and (S2, (^2) are CA-isomorphic iff 
there exists a Boolean isomorphism (p : Bi — > B2 such that, for each a,b & Bi, aCib 
iff (p{a)C2<f{b). Note that in this paper, by a "Boolean isomorphism" we understand 
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an isomorphism in the category Bool of Boolean algebras and Boolean homomor- 
phisms. 

A contact algebra {B, C) is called a normal contact Boolean algebra or, briefly, 
normal contact algebra (abbreviated as NCA or NC-algebra) ([2], [8]) if it satisfies the 
following axioms (we will write " — C" for "not C" ) : 
(C5) If a{-C)h then a(-C)c and h{-C)c* for some c e B; 
(C6) If a 7^ 1 then there exists 6 7^ such that b{—C)a. 

Note that the axioms of NC- algebras are very similar to the Efremovic axioms of 
proximity spaces [7]. 

A normal CA is called a complete normal contact Boolean algebra or, briefly, 
complete normal contact algebra (abbreviated as CNCA or CNC-algebra) if it is a 
CCA. The notion of normal contact algebra was introduced by Fedorchuk [8] under 
the name Boolean 6 -algebra as an equivalent expression of the notion of compingent 
Boolean algebra of de Vries (see its definition below) . We call such algebras "normal 
contact algebras" because they form a subclass of the class of contact algebras and 
naturally arise in normal Hausdorff spaces. 

Note that if 7^ 1 then the axiom (C2) follows from the axioms (C6) and (C4). 

For any CA (B,C), wc define a binary relation " ^c" on B (called non- 
tangential inclusion) by " a <^c b •H- a{—C)h* ". Sometimes we will write simply 
" <" instead of " <c"- 

The relations C and <C are inter-definable. For example, normal contact al- 
gebras could be equivalently defined (and exactly in this way they were introduced 
(under the name of compingent Boolean algebras) by de Vries in [2]) as a pair of a 
Boolean algebra B — (S, 0, 1,V, A,*) and a binary relation <^ on B subject to the 
following axioms: 

(<^1) a <tih implies a < b; 
(<2) < 0; 

(<^3) a < b <^ c < t imphes a <^t; 

(<^4) a <^ c and b <^ c imphes a\/ b <^ c; 

(^5) If a <C c then a <C 6 <^ c for some b & B; 

(<^6) If a 7^ then there exists b ^ such that b <^ a] 

(<7) a < 6 implies 6* < a*. 

Note that if 7^ 1 then the axiom (<^2) follows from the axioms (^3), (<^4), 
(<6) and (<7). 

Obviously, contact algebras could be equivalently defined as a pair of a Boolean 
algebra B and a binary relation <^on B subject to the axioms (<^l)-(<^4) and (<S7). 

It is easy to see that axiom (C5) (resp., (C6)) can be stated equivalently in the 
form of (<^5) (resp., (<^6)). 

Example 2.2. Recall that a subset F of a topological space (X, r) is called regular 
closed ii F = cl(int(F)). Clearly, F is regular closed iff it is the closure of an open 
set. 

For any topological space (X, r), the collection RC{X,t) (we will often write 
simply RC{X)) of all regular closed subsets of {X,t) becomes a complete Boolean 
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algebra (/?C(X, r), 0, 1, A, V, *) under the following operations: 1 = X, = 0, F* = 
cl{X \F),FVG = FUG,FAG = cl(int(F n G)). The infinite operations are given 
by the formulas: V{^7 \ 1 e T} = d{\J{F^ | 7 G T}), and A{^7 \ 1 e T} = 

ci(int(n{F-y I 7 e r})). 

It is easy to see that setting Fp(^x,T)G iff Ffl G 7^ 0, we define a contact relation 
P(x.t) on RC{X, r); it is called a standard contact relation. So, {RC{X, r), P(x,t)) is a 
CCA (it is called a standard contact algebra). We will often write simply px instead 
of p(x,r)- Note that, for F,G e RC{X), F G iff F C intxlG). 

Clearly, if (X, r) is a normal Hausdorff space then the standard contact algebra 
{RC{X,t), P(^x,t)) is a complete NCA. 

A subset U of {X,t) such that U = int(cl(t/)) is said to be regular open. 

Definition 2.3. Let {B, G) be a GA. Then a non-empty subset cr of 5 is called a 

cluster in (S, G) if the following conditions are satisfied: 

{Kl) If a, 6 e (T then aGh- 

{K2) If a V 6 e cr then a e a or h e a; 

{K?,) If aGh for every b e a, then a e cr. 

The set of all clusters in (B, C) will be denoted by Clust(S, C). 

Proposition 2.4. ([4], [19]) Let {B,G) be a normal contact algebra, a be a cluster 
in {B, G), a & B and a ^ a. Then there exists b & B such that b ^ a and a <^b. 

The following notion is a lattice-theoretical counterpart of the Leader's notion 
of local proximity ([15]): 

Definition 2.5. ([19]) An algebraic system 

5, = (5,0,l,V,A,*,p,l) 

is called a local contact Boolean algebra or, briefiy, local contact algebra (abbreviated 
as LCA or LC-algcbra) if {B, 0, 1, V, A, *) is a Boolean algebra, p is a binary relation 
on B such that {B, p) is a CA, and B is an ideal (possibly non proper) of 5, satisfying 
the following axioms: 

(BCl) If a e B, c e 5 and a <p c then a <p 6 <p c for some 6 e B; 
(BC2) If apb then there exists an element c of B such that ap{c A 6); 
(BC3) If a 7^ then there exists 6 G B \ {0} such that b <p a. 

We shall simply write (S,p, B) for a local contact algebra. We will say that 
the elements of B are bounded and the elements of \ B are unbounded. When B 
is a complete Boolean algebra, the LCA (i?,p, B) is called a complete local contact 
Boolean algebra or, briefly, complete local contact algebra (abbreviated as CLCA or 
CLC-algebra) . 

We will say that two local contact algebras (S,p, B) and {Bi, pi,Mi) are LCA- 
isomorphic if there exists a Boolean isomorphism ip : B — )■ Bi such that, for a,b & B, 
apb iff ip{a) pi(p{b) , and (/?(a) G Bi iff o G B. 

Remark 2.6. Note that if {B,p,M) is a local contact algebra and 1 G B then {B,p) 
is a normal contact algebra. Conversely, any normal contact algebra {B,G) can be 
regarded as a local contact algebra of the form {B,G,B). 
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Notation 2.7. Let (X, r) be a topological space. We denote by CR{X, r) the family 
of all compact regular closed subsets of {X,t). We will often write CR{X) instead 
of CR{X, t). 

Fact 2.8. ([19]) Let {X,t) be a locally compact Hausdorff space. Then the triple 



is a complete local contact algebra; it is called a standard local contact algebra. 



Definition 2.9. ([21]) Let (B,p, B) be a local contact algebra. Define a binary 
relation "Cp" on B by 



It is called the Alexandroff extension of p relatively to the LCA (i3, p, B) (or, when 
there is no ambiguity, simply, the Alexandroff extension of p). 

Lemma 2.10. ([21]) Let (BjPjM) be a local contact algebra. Then {B,Cp), where Cp 
is the Alexandroff extension of p, is a normal contact algebra. 

Definition 2.11. Let (S,p, B) be a local contact algebra. We will say that cr is a 
cluster in (i?,p, B) if a is a cluster in the NCA {B,Cp). A cluster a in (5,p, B) is 
called bounded if a n B 7^ 0. 

Lemma 2.12. [21] Let (S,p, B) be a local contact algebra and let 1 ^ B. Then 
^(s,p,B) — 1^ g ^ I 5 ^ ^5 Q cluster in {B,p,M). (Sometimes we will simply write 
(Too instead of a^'^'^'' .) 

Notation 2.13. Let {X,t) be a topological space, li x e X then we set: 



for every x E X, cTj; is a bounded cluster in the standard local contact algebra 



The next theorem was proved by Roeper [19] (but its particular case concerning 
compact Hausdorff spaces and NC-algebras was proved by de Vries [2]). 

Theorem 2.14. (P. Rocpcr [19] for locally compact spaces and dc Vries [2] for com- 
pact spaces) There exists a bijective correspondence between the class of all (up 
to homeomorphism) locally compact Hausdorff spaces and the class of all (up to iso- 
morphism) CLC-algebras; its restriction to the class of all (up to homeomorphism) 
compact Hausdorff' spaces gives a bijective correspondence between the later class and 
the class of all (up to isomorphism) CNC-algebras. 



{RC{X,T),p^X,r),CR{X,T)) 



(1) 




(2) (7^ = {F e RC{X) \ xeF}. 



{RC{X,T),p^X,r),CR{X,T)). 
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We will now recall (following [21]) the definition of the correspondence ^* (men- 
tioned in the above theorem) and some other facts and notation which will be used 
later on. 

Let (X, r) be a locally compact Hausdorff space. Set 

(3) ^\X,t) = {RC{X,T),p^x,r),CR{X,T)) 

Let B^i — {B,p,M) be a complete local contact algebra. Let C = Cp be the 

Alexandroff extension of p. Then {B, C) is a complete normal contact algebra. Put 
X = Clust(i?, C) and let T be the topology on X having as a closed base the family 
{\b,c){0') I £ -S} where, for every a E B, X(b,c){o,) = {cr E X \ a E a}. Sometimes 
we will write simply Xb instead of X(^b,c)- Note that X \ XB{a) — int(AB(a*)), the 
family {int(AB(a)) | a e S} is an open base of {X,7) and, for every a E B, Xsia) E 
RC{X, T). It can be proved that A^ : {B, C) — )■ {RC{X), px) is a CA-isomorphism. 
Further, (X, T) is a compact Hausdorff space. 

Let 1 E B. Then C = p and B = S, so that (5, p, B) = (S, C, B) = {B, C) is a 
complete normal contact algebra, and we put 

(4) ^%B, p, B) = ^%B, C, B) = *"(5, C) = {X, 7). 

Let 1 ^ B. Then the set cToo = {6 G S | 6 ^ B} is a cluster in {B, C) and, 
hence, E X. Let L — X \ {goo}- Then L — BClust(S, p, B), i.e. L is the set of 
all bounded clusters of (5, Cp) (sometimes we will write or Lb instead of L); let 
the topology t(= tbJ on L be the subspace topology, i.e. r = Then {L,t) is a 
locally compact Hausdorff space. We put 

(5) *«(B,p,B) = (L,t). 

Let A^^(a) = Xi^B,Cp){ci) H L, for each a E B. We will write simply A^ (or even 
A(yi,p,B) when M A) instead of A'^^ when this does not lead to ambiguity. One can 
show that: 

(I) L is a dense subset of X; 

(II) A^ is a Boolean isomorphism of the Boolean algebra B onto the Boolean algebra 
i?C(L,r); 

(HI) 6 e B iff A^(6) E CR{L); 
(IV) apb iff A^(a) n A^(6) ^ ill. 

Hence, X = aL and A^ : (i?,p, B) — > {RC{L), pL,CR{L)) is an LCA-isomorphism. 
Note also that for every b E B, intL^(A^(6)) = Lb nmtx{XB{b)). 
For every CLCA {B, p, B) and every a E B, set 

(6) A|/a) = A(5,c,)(a)n*'^(5,p,B). 

We will write simply A^ instead of A^^ when this does not lead to ambiguity. Thus, 
when 1 e B, we have that A^ = Ab, and if 1 B then A^ = A'^. Hence we get that 

(7) A^ : {B, p, B) — > (** o ^")(B, p, B) is an LCA-isomorphism. 
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We have that: 

(8) the family {int*a(B^p^B)(A^(a)) | a e B} is an open base of ^"'{B, p,M). 

Let (L, r) be a locally compact Hausdorff space, B — RC{L, r), B = CR{L, t) 
and p — PL- Then [B, p, B) = r). It can be shown that the map 

(9) t(z.,.):(L,T)^M/"(vI/*(L,r)), 

defined by t(L,r)(^) — {F G RC{L,t) \ x & F}{— a^), for all a: e L, is a homeomor- 
phism. 

Therefore r)) is homeomorphic to (L, r) and p, B)) is LCA- 

isomorphic to B). 

Note that if {A, p,M) is an LCA, X = <iJ^{A,p,M) and {B,ri,M') = A^(A,p,B) 
then for every a e i?C(X), a — \/{b e B' | 6 <^pj^ a} holds. Hence, for every a e A, 

(10) a = Y{6eB I 6<pa}. 

Definition 2.15. ([3]) Let {A, p,M) be an LCA. An ideal J of A is called a S-ideal 
if / C B and for any a & I there exists b E I such that a <^p b. If Ji and I2 are two 
5-ideals of {A, p, B) then we put h < h iff h C /z. We will denote by {I {A, p, B), <) 
the poset of all (5-ideals of (A, p, B). 

Fact 2.16. ([3]) Let (A,p,B) be an LCA. Then, for every a E A, the set /„ = {6 G 
B I b a} is a 6-ideal. Such 6-ideals will be called principal 5-idcals. 

Recall that a frame is a complete lattice L satisfying the infinite distributive 
law a A\/ S = \/{a, A s \ s E S}, for every a E L and every S C L. 

Fact 2.17. ([3]) Let {A, p,M) be an LCA. Then the poset {I{A,p,M),<) of all 6 -ideals 
of (A, p, B) is a frame. The finite meets and arbitrary joins in /(A, p, B) coincide with 
the corresponding operations in the frame Idl{A) of all ideals of A. 

We will often use the following elementary fact: the join VIA | 7 £ L} of a 
family of ideals of a distributive lattice A in the frame Idl{A) of all ideals of A is the 
set / = {V{^7 I 7 ^ Ti} I Li C r, Fi is finite, x-y E Xy for every 7 G Fi} of elements 
of A (see, e.g., [6]). 

Proposition 2.18. ([3]) Let a^.o^ E ^'"(A,p,B), where (A,p,B) is a CLCA, and 
(Ti n B = (72 n B. Then ai = (T2. 

Recall that if ^4 is a distributive lattice then an element p E A\{1} is called 
a prime element of A if for each a,b E A, a A b = p implies that a — p or b — p. 
The prime elements of the frame I {A, p, B), where {A, p, B) is an LCA, will be called 
prime 5-ideals o/(A, p, B). 

Proposition 2.19. ([3]) Let {A, p,M) be a CLCA. If a E ^"(A,p,B) thenB\a^ J„ 
is a prime 5-ideal of {A,p,M). If J is a prime S-ideal of {A, p,M) then there exists a 
unique a E ^"(A, p, B) such that o" n B = B \ J. 
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Theorem 2.20. ([3]) Let (A, p,M) be a CLCA, X = ^'*(A,p,B) and 0{X) be the 
frame of all open subsets of X. Then there exists a frame isomorphism 

l:{I{A,p,M),<)^{0{X),C), /^|J{A» \ael}, 
where {I {A, p, B), <) is the frame of all 5-ideals of {A, p, B). 

3 A new duality theorem 

Notation 3.1. We denote by HLC the category of aU locaUy compact Hausdorff 
spaces and all continuous mappings between them. 

Definition 3.2. Let MDHLC be the category whose objects are all CLCAs and 
whose morphisms (f : {A, p, B) — > {B, rj, B') are all multi-valued maps which satisfy 
the following conditions: 

(Ml) For every a e A, ip{a) E I{B,r],M'); 
(M2) ip{a Ab) = (p{a) A (/?(&), for every a,b E A; 
(M3) (f la) = \/{^{b) I 6 e B, 6 < a}, for every a E A; 
(M4) (^(0) = {0}; 

(M5) If Oj, hi e B, Oj ^ hi, where i = 1, 2, then (p{ai V 02) C (p{bi) V (p{b2); 
(M6) For every b E B', there exists an a G B such that b E ^{a). 

The composition o between two morphisms (/? : (Ai,pi,Bi) — > {A2, p2,'^2) and 
ijj : (A2,/92,B2) (A3,p3,B3) is defined by (V'0^)(a) = V{^W I b E ifia)}. The 
identity morphism i^ ■ {A, p,M) — > (A, p, B) is defined by ^^(0) = la (see 2.16 for 

la). 

Remark 3.3. Using Fact 2.17, it can be easily seen that in the axiom (M2) the 
expression 'V(«) A y'(^)" can be replaced by 'V(«) l~l and, in (M3), "\/" can 

be replaced by "(J". Note also that the expression "VIV'l^) I ^ ^ V^l*^)}" can be 
written down in the form " \/ '^((/^(a))" , and hence {ip o Lp)(a) = \/ '^((/^(a)), i.e. our 
definition of the composition between two morphisms in the category MDHLC is 
enough natural. 

Proposition 3.4. MDHLC is a category. 

Proof. We will first prove that for every [A,p,M), i^ is an MDHLC-morphism. 
Indeed, it is obvious that (Ml), (M2) and (M4) are satisfied. Since (BCl) implies 
that 2yi(a) = la = \/{h \ b E la}, we get that (M3) is fulfilled. We will now show 
that condition (M5) is fulfilled. Let ai,bi G B, <^ bi, i = 1,2. We have to show 
that /aivaa ^ hi V /fej • Let c <^ ai V 02. Then c — (c A ai) V (c A 02). Since 
c A Oi < ai -C foi and c A (12 < a.2 -C &2) we get that c A ai G and c A 02 G /f,2- 
Hence c = (c A ai) V (c A 02) ^ hi V h2- So, hi\ja2 ^ hi V hz- For verifying (M6), let 
6 G B; then, by (BCl), there exists an a G B such that b <^ a; hence b E h = iA^o)- 
So, iA is a MDHLC-morphism. 

Let (/Pi : (Ai,pi,Bi) ^ (A2,p2,B2) and <^2 : (A2,p2,B2) — ^ {A^,p^,M^) be 
MDHLC-morphisms. We will prove that — ip2 o is an MDHLC-morphism. 
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We have that Lp{a) = \/{(p2{b) \ b e ^pi{a)}. The axiom (Ml) is obviously fulfilled. 
Further, for every ai,a2 G Ai, 

ip{ai A 02) = \/W2{b) I b e (y5i(ai A 02)} = \/ {^2{b) \ b e (yfi(ai) n (yfi(a2)} 

and 

</7(ai) A (y?(a2) = \JW2{bi) \ bi G V'i(ai)} A V{v^2(^2) | &2 G </?i(a2)} 
= V{'/'2(fe2) A yiMbi) I ^1 G V'i(ai)} I 62 G (/7i(a2)} 
= V{V{<^2(&i) A 992(&2) I G <^i(ai)} I 62 G (/?i(a2)} 
= \J{ip2{bi A 62) I ^'i G (/3i(ai), 62 G <y5i(a2)}. 
If, for i = 1,2, bi & 'fi^di) then 61 A 62 = & G ¥?i(ai) fl V'i(a2)- So, (^(oi) A 
(^9(02) C (^(ai A 02). Conversely, from b G V'i(ai) fl ^i{a2) and b ~ b A b, we get that 
(^(oi A 02) C (/^(ai) A <f{a2)- Hence, condition (M2) is satisfied. 

We will prove that 99(a) = \/{^p{b) | 6 G B, 6 <^ a} for every a E A, i.e. 
V{<^2(c) I c G (pi{a)} = \J{ip2{d) I d G <^i(6),6 G B, 6 < a}. Let c G (/3i(a). Then, by 
(M3) and Remark 3.3, there exists 6 G B such that b <^ a and c G '~Pi{b). Conversely, 
let d G (/?i(6), 6 G B, 6 <^ a. Then d G ^pi{a). Hence, the axiom (M3) is fulfilled. 

Since V9(0) = V{v^2(&) | b G v^i(O)} = \J{ip2ib) \ b G {0}} = 9^2(0) = {0}, we get 
that condition (M4) is satisfied. 

Let Oj, bi G B, Oj <^ bi, i — 1,2. We will prove that (^(oi V 02) C (f{bi) V (/?(62), 

i.e. 

Y{^2(c) I c G (/7i(ai V 02)} C \J{^2{d) I G (/?i(6i)} V \/ {Me) I e G Mh)}- 

Let c G (/?i(ai V 02)- Then c G V^i(&i) V ¥?i(&2)) i-e. there exist di G '/?i(&i) and 
Ci G 931(62) such that c = V Ci. There exists (i G V^i(&i) such that di <^ d and there 
exists e G </?i(62) such that ei <^ e. Then 932(c) = 9^2 (<ii V ei) C ip2{d) V 9^2 (e). So, 
the axiom (M5) is satisfied. 

Let c G B3. Then there exists 6 G B2 such that c G 9?2(f')- There exists a G Bi 
such that b G (pi{a). Hence c G 93(0). So, condition (M6) is also fulfilled. 

Hence (p2 o (fii is an MDHLC-morphism. 

We will now show that the composition is associative. Let 93 : (Ai,pi,Bi) — >■ 
(A2,p2,B2), V : (^,P2,B2) {As,ps,M3) and x ■ {A3, ps,Ms) {A^, p4,M^) be 
MDHLC-morphisms. We have that, for every a G A3, 
((^o(V^ox))(a) =\/W{b) \be{ijox){a)} 

= \/Wib) I 6G V{^(c) I cGx(a)}}, 

and 

{{(poilj)ox){a) = V{(v'0^)(c) I cG x(o)} 

= V{VM^) I & ev^(c)} \cex{a)} 
= VM&) I & eUWc) I cGx(a)}}. 

Let b G \J{'4'{c) I c G x(o)}- Then 6 \/{bi | i G {1, . . . , n}}, for some n G N+, where, 
for every i G {1, . . . , n}, bi G '0(q) ^-iid q G x(Q')- Setting c = I ^ G {1, . . . , n}}, 
we get that c G x(«) and, by (Ml) and (M2), VlV^l^i) I i G {l,...,n}} C ^(c). 
Therefore b G "0(0). We get that \/{ip{c) \ c G x(a)} = U{''/'(<^) I ^ G x(a)}. Hence, 
the composition "o" is associative. 

Finally, if (p : {A, p,M) — > {B,r],M') is a MDHLC-morphism then, for every 
a e A, {(poiA){a) = \/Wib) | 6 G 4} = \/W{b) | 6 G B,6 < a} = ip{a) (since 



10 



ip satisfies condition (M3)), and (iBO(/?)(a) = \J{lh \ b G ¥^(0)} = Hence, 
ipoiA = ^ and iB <><p = f- 

All this shows that MDHLC is a category. □ 



Proposition 3.5. Let f : X — > Y he an HhC -morphism. Define a map (pf : 
— > by: 

(11) VG e RC{Y), (pf{G) = {F e CR{X) \ F C /-i(int(G))}. 
Then tpf is an MDHLC -morp/izsm. 

Proof. We have to prove that iff satisfies the conditions (M1)-(M6) from Definition 
3.2. We start by showing that for each G G RC{Y)^ ^f{G) is a 5-ideal. Obviously, 
iPf{G) is a lower set. If Fi, F2 G (^/(G) then Fi V F2 = Fi U F2 G v?/(G). So, is 
an ideal. If F G Pf{G) then F is compact and F C /~^(int(G')). Hence there exists 
an open U CX such that c\{U) is compact and F C [/ C cl(f/) C /-i(int(G)). Then 
cl([/) G Ci?(X) and hence cl{U) G <ff{G). So, <Pf{G) is a 5-ideal. Thus, condition 
(Ml) is fulfilled. 

Let G,H e RG{Y). Then 

(/?/(G A if) = {F G CR{X) I F C /-^(int(G A H))} 

and 

(/./(G) n ^f{H) = {F G Gi?(X) I F C /-i(int(G)), F C f-'{ini{H))} 
= {F G Gi?(X) I F C /-^(int(G n H))}. 

Since int(Gnif) is a regular open set, we get that int(GAi/) = int(cl(int(GniJ))) = 
int(G n H). So, ipf{G A H) = v?/(G) n ipf{H). Thus, the axiom (M2) is satisfied. 

For verifying (M3), we have to prove that {F G CR{X) \ F C /-i(int(G))} = 
V{{F' G Gi?(X) I F' C f-\mt{H))} \ H G Gi?(r), H C int(G)}. It is obvious 
that the right part is a subset of the left part. For proving the converse inclusion, 
let F G CR{X) and F C /-i(int(G)). Then /(F) C int(G) and /(F) is compact. 
Let n = {mt{H) \ H G CR{Y), H C int(G)}. Then [jVt = int(G). Hence Q 
covers /(F). Therefore there exist Hi, ... , such that int(i/i), . . . , int(i/„) G 

n n n 

and /(F) C IJint(iyi) C |J //^ C int(G). Set H ^[jHi. Then // G CR{Y) 

i=l 1=1 i=l 

n n 

and H C int(G). Since |Jint(iij) C int(|Jiij), we get that /(F) C int(i/), i.e. 

i=l 1=1 

F C /-I (int (//)). Thus, condition (M3) is fulfilled. 

We have that = 0, so (/?/(0) = {F G CR{X) \ F C f-^{h}} = {0} = h. 
Therefore, 99/ satisfies condition (M4). 

For verifying the axiom (M5), we have to prove that for every Gi,Hi G CR{Y) 
such that Gj C mt{Hi), where i = 1, 2, the following inclusion holds: 

{F G CR{X) I F C /-^(int(Gi U G2))} C 
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{F' e CR{X) I F' C f-\mt{Hi))} V {F" e CR{X) \ F" C /-i(int(i^2))}. 
Let F e Ci?(X) and F C /-i(int(G'i U Gs)). Then 

F C U G2) = /-^(Gi) U /"^(Gs) C f-\mt{H,)) U /-^(^(i/^)). 

Obviously. ^ = {int(K) | K G Gi?(X), K C /-i(int(i/i))} covers f'\mt{Hi)), 
for z = 1,2. Then = l^i U ^2 is a cover of f-^{mt{Hi)) U /-^(int(//2)) and 
hence F <0 [JQ. Since F is compact, there exist int (-ftTi ),..., int(i^m) G ^1 and 

m n m 

int(XO,...,int(/r;) e VL2 such that F C \JiTLi{Ki) U |Jint(iCj). Put Fi = |J 

i=l j=l i=l 

n 

and F2 = y K'y Then F^ e CR{X) and Fj C /-i(int(i/i)), where z = 1, 2. Therefore 

i=i 

F C Fi U F2 and Fi U F2 e ipf{Hi) V (/7/(i^2)- Hence F e ^^/(i^i) V (pf{H2). 

Finally, we will show that (M6) is fulfilled. Let F e Gi?(X). For every y G /(F) 
there exists a neighborhood Oy of y such that c^O^^) is compact. Since /(F) is 

n n 

compact, there exist yi, ■ ■ ■ ,yn ^ fi^) such that /(F) C Oy^. Let G = cl(Oj,.). 

i=l i=l 

Then G G Gi?(y) and /(F) C int(G). Hence F C /-i(int(G)), i.e. F G ^/(G). □ 

Proposition 3.6. For each X G |HLC|, set A\X) = ^*(X) ('see Theorem 2.14 for 
the notation and for each f G liLC{X,Y), put A*(/) = (see Proposition 3.5 
for the notation (pf). Then A* : HLC — > MDHLC is a contravariant functor. 

Proof Let X G |HLC| and (A,/9,B) = A*(X). We will show that A*(i(ix) = U- 
Indeed, let ip = /\\idx). Then, by (11), ip{G) = {F G Gi?(X) | F C int(G)} = {a G 
B I a < G} = /g = u(G), for every G G Rc[x) (= A). Thus A*(icix) = 

Let now /i G HLC(Xi,X2), /2 G HLC(X2,X3) and / = /2 o /i. We will show 
that A*(/) = A*(A)oA*(/2). Set, for short, p = A*(/), p^ = A*(A) and ^2 = A*(/2). 
Then, for every G3 G RC{X^), we have that p>2{Gz) = {F2 G CR{X2) \ /2(F2) C 
int(G3)}, 

(12) ^(Gs) = {F, G CR{X,) I Fi C /f i(/-^(int(G3)))} 
and 

(y'l O ^2)(G3) = V{<^l(^2) I F2 G ¥^2(G3)} 

= V{{^i e Gi?(Xi) I /i(Fi) C int(F2)} I 

F2GGi?(X2),/2(F2)Cint(G3)} 
= {U{^i' I i = 1, . . . , A;} I A; G N+, (Vz = 1, . . . , A;)[(F^ G Gi?(Xi))A 
((3F^ G Gi?(X2))(/i(FiO C ini{Fi) C F| C /-^(int(G3))))]} 
= {Fi G Gi?(Xi) I (3F2 G Gi?(X2)) 

(/i(Fi) C int(F2) C F2 C /2-i(int(G3)))}. 
We have to show that p{G^) = {ipi<>(p2){G3), i.e. that the corresponding right sides R 
and Ri^2 of (12) and the equation after it are equal. Let Fi G R. Then Fi G CR{Xi) 
and /i(Fi) C /2"^(int(G3)). Since /i(Fi) is a compact subset of X2, there exists 
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F2 e CR{X2) such that C int(F2) C F2 C /2-i(int(G'3)). Thus, Fi e i?i,2. 

Conversely, if -Fi G -Ri 2 then Fi G CR{Xi) and there exists F2 G CR{X2) such that 
C int(F2) CF2C f,\mt{G,)). Then F, C /fi(F2) C /f i(/-i(int(G'3))). 
Therefore Fi G i?. So, we have proved that A*(/) = A*(/i) ❖ A*(/2). All this shows 
that A* is a contravariant functor. □ 

Proposition 3.7. Let ip : (A, p, B) — > {B,p',M') be an MDHLC -morphism. Define 
a map : ^''{B,p',M') — y ^'"(A,^,!) by setting 

(13) W G ■^''{B,p',M'),f^{a')nM = {a G B | (V6 G A){{a <^ 6) ^ {<p{b)na' ^ 0))}. 
Then is defined correctly and is an HhC-morphism. 

Proof. Let a' G ^"(S,p',B'). Set J = B \ (^(a') nB). We wiU first prove that J 
is a prime 5-ideal of (A, p, B). Note that J = {a G B | 36 G B such that a <^p b and 
n a' = 0}. 

Obviously, J is a lower set. By (M4), G J (because <^p 0). Let a,b E J. 
Then there exist a', fe' G B such that a <p a', b <p 6' and ip{a')na' = 0, (/?(&') Ho-' = 0. 
There exist a" , b" G B such that a <^p a" a' and b <^p 6" <^p 6'. Hence, by (M5), 
ip{a" V b") C (/?(a') V 9?(6'). Since, by Proposition 2.19, B' \ cr' is a 5-ideal and 
99(0') U (p{b') CM' \ a', we get that v?(a') V 99(6') C B' \ a'. Thus cp{a" V 6") n (t' = 0. 
Since aV b <^p a" V 6", we obtain that a V 6 G J. Hence J is an ideal. 

Let a E J. Then there exists 6 G B such that a ^p b and (/?(6) fl u' = 0. There 
exists c G B such that a <Cp c <Cp 6. Then, obviously, c G J and a <Cp c. Hence J is 
a 5-ideal. 

Let /i, /2 G I{A, p, B) and hC] I2 — J- Suppose that J ^ li, for i =1,2. Hence 
there exists G \ J, for i = 1, 2. Then, for every 6 G B such that Oi <S 6 or 02 <C h, 
we have that Lp{b) fl cr' 7^ 0. There exists bi G Li such that ^ 6j, for i = 1,2. Then 
fei ^ J, for i = 1, 2. Let b = bi A 62- Then 6 G /i fl /a = J and thus (^7(6) fl a' = 0. 
Using (M2), we get that 99(61) n 99(62) n cr' = 0. There exists di G (yi'(6i) n cr', for 
i = 1, 2. Since v^(6i) is a 5-ideal, there exists k G 9^(61) such that di <^ Zj, for z = 1, 2. 
Then k G (j' but /* ct' (since di{-Cp)l*), where i = 1, 2. Hence V a'. Then 
h AI2 E cr'. Moreover, li AI2 E (p{bi) fl (p{b2) H a', which is a contradiction. 

So, J is a prime 5-ideal. Obviously, B \ J = fip{cr') fl B. Now, by Proposition 
2.19, there exists a unique bounded cluster cr in {A, p,M) whose intersection with B 
is equal to B \ J. Thus f^{a') = cr. All this shows that is defined correctly. 

We will now prove that /<p is a continuous function. Let F G CR{X), where 
X = *«(A,p,B). Then there exists a G B such that F = A^(a). Set U = int(F). 
Then U = int(A^(a)) = X \ A^(a*). We will show that f-\U) = Lsivia)) (= 
U{A|(6) I 6 G (/?(a)}). Indeed, let a' G /"^(t/). Then f^{a') = aeU = X\ A^(a*). 
Hence a* ^ a and a G cr. We have that 

(14) (jnB = {cGB|VciGB such that c ^ d, ip{d) Ha' ^ 0}. 

We will prove that (p{a) n cr' 7^ 0. Indeed, since a* cr. Proposition 2.4 implies that 
there exists ai E A such that a* <^Cp and cr. Then oi <^Cp « and Oi G cr. 



13 



Since a G B, we get that ai G B. Hence ai <Cp a and ai G B fl a. Then, by (14), 
(p{a) n d' 7^ 0. So, a' G is(<^(a)). Thus, /"H?/) C iB{^{a)) = V. Note that, by 
Theorem 2.20, V is an open subset of *"(S,p',B'). 

Conversely, let a' G ts((^(a)) and cr = fip{(^'). Then (^(a) n cr' 7^ 0. We will 
prove that a* ^ a. Suppose first that for every e a, ip{e) fl cr' = 0. We have, by 
(M3), that ip{a) = \/{ipie) | e < a}. Also, by Proposition 2.19, = B' \ a' is a 
(5-ideal. Since \^ (p{e) C J^i, we get that ip{a) C J^i, i.e. ip{a) fl cr' = 0, which is 

e<Ca 

a contradiction. Hence, there exists an e <S a such that <^(e) n cr' 7^ 0. Then e G B 

(since a G B) and by (14), e G o" flB. Since e a, we have that e(— p)a*. Using the 
fact that e G B, we get that e{—Cp)a*. Hence a* ^ cr. So, cr G int(A^(a)) = Thus 
cr' G f^^{U). So, we have proved that 

(15) /;^(int(A»)) = .B(^(a)), Va G B. 

Now, using (8), we obtain that is a continuous function. □ 

Proposition 3.8. For each {A, p,M) G |MDHLC|, set A"(A,p,B) = ^"(A,p,B) 
(see the text immediately after Theorem 2.14 for the notation '^"'), and for each 
MDHLC-morp/iism (p : (A, p, B) — > (i?,p',B'), put A°'{ip) = f^ (see Proposition 
3.7 for the notation f^). Then A" : MDHLC — V HLC is a contravariant functor. 

Proof Let {A, p,M) be a CLCA, X = A''{A,p,M) and / = A''{iA). We will show 
that / = idx- Indeed, by (13), we have that for every a E X, f{a) fl B = {a G 
B I (V6 G A)[{a <p h) ^ {hf\a ^ 0)]}. By Proposition 2.18, it is enough to prove 
that /(cr) nB = crnB. Let a G /(cr) nl. Suppose that a. Then there exists 6 G cr 
such that a{—Cp)h. Thus a <^p h* and we get that /fo. fl o" 7^ 0. Let c G /{,* fl a. Then 
c G B and c 6*. This implies that c{—Cp)b. Since 6, c G a, we get a contradiction. 
So, /(cr) n B C a n B. Conversely, let a G a n B. Let 6 G A and a <p b. Then 
a G n (T, i.e. /ft n (7 7^ 0. Thus a G /(cr) n B. Hence f{a) n B = (t n B. So, we have 
proved that A"(i^) = idx- 

Let now (pi G ]V[DHLC((ylj, p.j, Bj), (ylj^i, pj_|_i, Bj_|_i)), where i — 1,2, and ip — 
^20^1- Set fi = A"'{pi), for i = 1, 2, and let / = A"'{(p). We will show that / = /10/2. 
For i = 1, 2, 3, set Xi = A"(A, Pi, B,) and <i=<pi. Let erg G X3 and set = /(erg). 
We have that cr/ n Bi = {ai G Bi | (V&i G Ai)[(ai <i hi) ((73 n \/{<p2{b2) \ &2 e 
(^1(61)} 7^ 0)]} = {ai G Bi I (V61 G A)[(ai <i fti) ^ (3A; G N+ and 3c^,...,Ck G 
(/9i(fei) and 3di G <^2(cj), where i = 1, . . . , A;, such that \/{di | i = 1, . . . , A;} G cts)]} = 
{ai G Bi I (Vbi G Ai)[(ai <i 61) ^ (3c G (/pi(6i) such that ^2(0) H ^ 0)]} = R. 
Further, set cr2' = f 2(0-3) ■ Then we have that ^2' fl B2 = {02 G B2 | (V62 £ ^2)[(a2 ^2 
b2) ^ (3c2 G (^2(62) nas)]}. Now, /i(c72') n Bi = {ai G Bi | (V61 G Ai)[(oi <i 
fci) ^ (3c2 G V^i(6i) n (72')]} = {ai G Bi I (V61 G Ai)[(ai <i 61) ^ (3c2 G (^1(61) 
such that (V(i2 e A2)((c2 <2 ^2) (</'2(c?2) n 0-3 7^ 0)))]} = i?i,2. By Proposition 
2.18, it is enough to show that R = Ri^2- Let ai G i?, 61 G Ai and ai <^i 61. Then 
there exists C2 G </'i(6i) such that ^2(02) n era 7^ 0. Let c?2 ^ ^2 and C2 <^2 <i2- 
Then 9?2(c?2) n 0-3 7^ 0. Indeed, this follows from the facts that P2{c2) C p2{d2) and 
^2(02) 00-3 7^ 0. So, Oi G -Ri,2- Conversely, let Oi G -Ri,2, &i e >li and Oi <^i &i. Then 
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there exists C2 G '^liW) such that (Wd2 G A2)[(c2 ^2 (^2) — > (¥^2(^2) H (73 7^ 0)]. Since 
(^1(61) is a 5-ideal, there exists C2 G v^i(&i) such that C2 ^2 C2. Then V52(c2) n (73 7^ 0. 
Therefore, ai G i?. So, we have proved that / = /i o /2- All this shows that A" is a 
contravariant functor. □ 

Proposition 3.9. If ip : (A, p, B) — > (S, 77,18') is an hCA-isomorphism then the 
multi-valued map ip : {A, pjM) — > (i?,r/,B'), where ip{a) = I^(a), is a MDHLC- 
isomorphism. 

Proof. It is obvious that satisfies conditions (Ml) and (M4). Further, we have that 
lp{a A 6) = I^{a^b) = Iip{a)/\>p{h) = Iip{a) H I^(h) = ^(o) A lp{h). So, condition (M2) is 
fulfilled. 

We will prove that for every a & A, ip{a) — \/{(p>{h) | 6 G B, 6 -C a}, i.e. 
I^{o) = \J{Iv{b) I & e B, 6 < a}. 

Indeed, let 6 G B and h <^ a. Then (p{h) <C 'p{a). Hence /^(b) C I^[a)- Therefore 
\J{I^{h) I 6 G B, 6 a} C 7^(„). Conversely, let d G J^(a). Then d eW and c' < (/?(a). 
There exists c" G B' such that d <S c" <C V^(tt)- There exists c G B such that c" = (^(c). 
Then (/9(c) ^ V^(a); hence c <^ a and (/^(c) = c" ^ c'. Therefore c' G /ip(c), where 
c G B and c < a. Thus, /^(a) C Ul^v'W I ^ ^ ®, 6 < 0} C \J{I^{h) | 6 G B, 6 < a}. 
So, condition (M3) is also fulfilled. 

We will now verify (M5). Let ai,hi G B and <^ hi, where i — 1,2. We will 
prove that ^(ai V 02) C ^p{hi) V ^(62), i-e. /<^(aiva2) ^ Iip(W) V /(^(ba)- Indeed, let c G B 
and c ^ (/^(ai Va2). Then c ^ (/?(ai) V(/9(a2)- We have that c/\if{ai) < ^{ai) <^ V'(&i), 
c A V5(a2) < ^{(12) ^ V^(^2) and c = (c A ^{ai)) V (c A ^9(02)). Set di = c A 'P>{ai), 
for i = 1,2. Then ^ V^(&j), i.e. (ij G I,f{bi), for i = 1,2, and c = cii V ^2- Hence 
c G V So, /^(aivaa) ^ V /^(fe), i.e. ^(ci V 02) C ^(61) V (^(62) • 

We will show that condition (M6) is satisfied, i.e. that \J{^{a) | a G B} = B' 
holds. Indeed, let b' G B'. Then there exists b" G B' such that b' < b". There exists 
an a G B such that b" = ^p{a). Then h' G Iip{a) = ^{o). 

Hence, if is an MDHLC-morphism. Analogously, we obtain that ip~^ is an 
MDHLC-morphism. 

We will prove that Lp o (p~^ = is and ip~^ o ip = Ia. Indeed, {(p~^ o (p){a) = 
\/{ip-'^{b) I b G ip{a)} = \/{I^-i(^b) I b G I^(a)} and ^(a) = /„ for every a e A. 
So, we have to prove that /„ = \/{^v>-^ib) I b G /(^(a)}- Indeed, let c G /«. Then 
c G B and c <^ a. Hence there exists G B such that c <^ d <^ a. Set b = (p{d). 
Then b <^ V^(a), i-e. b G /;p(a). Also, c <ti d = 'pi^^{(p{d)) = (p~^{b), i.e. c G /<^-i(6). 
Hence /„ C [j{I^-i(b) I ^ ^ /<^(a)}- Conversely, let c G /<^-i(6), where b G /^^(a). Then 
c <^ <^~^(^') and 6 <C <^(a)- Since <^~^(fe) <C (p~^(p{a) — a, we get that c <^ a, i.e. 
c G la. So, U{^<^-i(6) I ^ ^ ^-^(a)} ^ ^a- Heuce /„ = [j{I<p-Hb) I ^ ^ -^v'Ca)};^ Then 
-^a = yUip-^ib) I ^ ^ -^ip(a)}- v'^^ ^ ^ = ^A- Analogously, we get that (f o (p"^ — ib. 

Therefore, ^ is a MDHLC-isomorphism. □ 

Proposition 3.10. The identity functor /cJmdhlc o-i^d the functor A* o A" are nat- 
urally isomorphic. 
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Proof. Let ip G MDHLC((^, p, B), (S, r/, B')). We have to show that Afj o = 
A*(A'^(V9)) o A^, where A^(a) = ^9 (see 3.9). (Note that, by (7), A^ and X% 

are LCA-isomorphisms and, hence, by Proposition 3.9, A^ and A^ are MDHLC- 
isomorphisms.) 

Set A%A,p,M) = X, A«(5,?7,B') = Y and ip' = A*(A"(^)) (= A*(/^)) Hence 
cp' : {RC{X),px,CR{X)) {RC{Y), pY,CR{Y)). Then, for each F e RC{X), 
ip\F) = {G e CR{Y) I G C /-i(int(F))}. Hence, for every a e A, 

((^'^35)(a) = V{¥''(&) I h e A5(a)} = V{^'(&) I h G 
= yWiG) I G e Ci?(X), G < A^(a)} 
= VIv^'lC) I G e CR{X), G C int(A^(a))} 

- V{{^ e GR{Y) I i/ C /-i(intG')} I G e GR{X), G C intA^(a)} 

- V{{A|(&') I b' e B', A^^(60 C /-^(mt(A^^(c)))} \ceM, c «, a}. 
Since, by (15), /-^(int(A^(a))) = ^^(^(a)), we get that 

((/p'oA^)(a) = V{{A^(^'') I ^'eB', X%ib')CLs{<p{c))}\ceM, c «, a} 
= V{{A!j(&') I b' e ^{c)} \ceM, c < a}. 
The last cquahty foUows from the fact that for every b' G B', A^(6') is compact 
and hence there exist b[, . . . ,b^ G (p{c) such that A^(6') < V{-^s(^/) M = 1; ■ ■ ■ > 
conversely, for every b' G v^(c), \%{b') C ^^((^(c)). 
Further, 

(A|o(^)(a) =V{A|(b) I 6Gv^(a)} 
= V{A|(b) I b G ¥^(a)} 
= V{{A^(&') I 6' G B, 6' < 6} I 6 G ^(a)}. 

Hence 

(^'❖A^)(a) = {Afj(6^ V . . . V 6^) I 6/G(/?(c,),c, GB,Q<a,A;GN+,z = l,...,A;} 
= {\%{b') I 6' G (^(c), c G B, c < a}. 

and 

(A|^(^)(a) = {A^^(6; V • • • V 6^) I ft, G ^(a), G N+, i = l,...,fc} 

= {A^5(60 |fe'e^(a)} = A^^((^(a)). 

Let b' be such that A^(6') G ((/?' o A^)(a), i.e. b' G (/^(c), where c G B, c <^ a. 
Since (/^(c) C (/^(a), we get that X%{b') G (A^ o (p){a). 

Conversely, let b' be such that A^(6') G (A|o93)(a), i.e. 6' G >p{a). By (M3), 
(^(a) = \J{(f{c) I c G B, c < a} = {rfi V- • -Vdfc | A; G N+, G (p{ci), Ci ^ a, Ci E B}. 
Hence b' = di \/ ■ ■ ■ \/ dk, di & fici), Ci G B, q <C a, for every i — 1, . . . ,k. Set 
c = Vl"^* I ^ = !)•••) Then c ^ a, c <E M and (ii G <^(c) for every i — 1, . . . ,k. 
Hence 6' G ip{c}. Thus, Af3(6') G {ip'^^^){a). 

Hence, A^ o ^ = A*(A«((^)) ^ A^. □ 

Proposition 3.11. The identity functor I dui^c o-i^d the functor o A* are naturally 
isomorphic. 
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Proof. Let / G HLC(X,y). We have to show that ty o / = A"(A*(/)) o tx, where 
tx{x) = for every x E X. (Recall that, by (9), tx and ty arc homeomorphisms.) 
Set /' = A«(A*(/)) (= A%ipf)). Then, for each a e A«(A*(X)), we have that 
f{a) = a', where /'((j) n CR{Y) = {G e Ci?(y) | {^H e i?C(y))((G C int(//)) ^ 
(^/(//)na^0))}. 

Now, for every x e X, (/' o tx)(a;) = f'{a^) = a', where a' n CR{Y) = {G e 
CR{Y) I {^H e i?C(y))((G' C int(i/)) ^ (3F e i?C(X) such that x G F and F e 
Hence a' n = {G e Ci?(y) | (Vi/ e RC{Y)){{G C int(if)) ^ 

(3F e i?C(X) such that x e F C f-^{int{H))))}. 

Further, (ty o /)(a;) = ct/(^), where n CR{Y) = {G G Gi?(y) | /(x) G G}. 

Let G G (T/(^) n Gi?(y). Then /(x) G G. We will prove that G G a'. Let 
H G Gi2(y) and G C int(if). We will prove that there exists an F G RC{X) such 
that a; G F C f^^{mi[H)). Indeed, f{x) G G C \ni{H). Since / is continuous, 
there exists an open U C. X such that x e U and f{U) C int(i?). Since X is 
a locally compact T2-space, there exists an F G CR{X) such that x E F (1 U. 
Then /(F) C f{U) C int(i/), i.e. F C /-i(int(ii')). So, G G a'nCR{Y). Hence 

n CR{Y) Ca'n CR{Y). 

Conversely, let G G CR{Y) fl cr'. We will prove that f{x) G G. Indeed, suppose 
that f{x) ^ G. Then there exists an H e CR{Y) such that G C int(ff) C F\{/(x)}. 
We have that there exists an F G CR{X) such that a; G F C /~^(int(iJ)). Then 
f{x) G ini{H), which is a contradiction. So, f{x) G G. Hence (T/(^) fl CR{Y) D 
a'nCR{Y). 

We get that af(^)nCR{Y) = a'nCR{Y). Then, by Proposition 2.18, c7/(^) = a'. 
So,tYof^A-{A\f))otx. □ 

The next theorem, which is the main result of this paper, follows from Theorem 
2.14 and Propositions 3.6, 3.8, 3.10, 3.11. 

Theorem 3.12. (The Main Theorem) The categories HLC and MDHLC are dually 
equivalent. 
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